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STRONG CONVERGENCE OF ITERATES OF NONEXPANSIVE MAPPlNGS AND APPLICATIONS 
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ABSTltACT. In this article, v~'e deal with generalizations of Wittmann's strong conver-
gence theorem for nonexpansive mappings and then study strong convergence theorems 
for a finite family of nonexpansive mappings in a Banach space. Further, we deal with 
convergence theorems which are connected with the problem of image recovery. Finally, 
we consider the problem of finding a common fixed point for a finite commuting family 
of nonexpansive mappings in a Banach space. 
l. INTRODUCTION 
Let C be a nonempty closed convex subset of a Banach space E. Then, a mapping 
T : C -> C is called nonexpansive if IITX - Tyjl ~ Ilx - yll for all x,y e C. We denote 
by F(T) the set of flxed points of T. ¥Vittmann [28] considered the following iteration 
scheme in a Hilbert space H: 
x x e C x~+1 = p^x + (1 - p~)Tx~ for everyn = 1,2, (1.1) 
and showed that {x~} converges strongly to the element of F(T) which is nearest to x in 
p = O,~k"=1 ph = oo and ~k"=1 Ipk+1 - pkl < F(T) if {p~} satisfies O ~ p* ~ 1,lim~_* ~ 
oo (see also [9]). Shioji and Takahashi [19, 20] extended Wittmann's result to a Banach 
space. See [1, 16, 23, 24, 26] for some results concerning weak convergence of iteration 
schemes of nonexpansive mappings. 
On the other hand, the problem of image recovery in a Hilbert space setting may 
be stated as follows; The original (unknown) image z is known a priori to belong the 
intersection Co of r well-deflned sets C1' C2, . . . , C. in a Hilbert' space H; given only the 
metric projections Pi of H onto Ci (i = 1, 2, . . . , r), recover z by an iterative scheme. In 
1991 Crombez [8] proved the follo~ving: Let T = (~ I + ~]r a'T･ with T･ = I+ Ai(P･ - I) 
for all i, O < Ai < 2, c~i > O for i = O, 1, 2, . . . , r, ~).T=0ai = l, where each Pi is the metric 
projection of H onto Ci and Co = n:=1 Ci is nonempty. Then starting from an arbitrary 
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element x of H, {T~x} converges weakly to an element of Co. Later, Kitahara and 
Takahashi [1l] and Takahashi and Tamura [25] dealt with the problem of image recovery 
by convex combinations of nonexpansive retractions in a uniformly convex Banach space. 
In this article, we first state generalizations of Wittmann's result [28] . We consider an 
iteration scheme given by a finite family of nonexpansive mappings which is connected 
with (1.1) and then state a strong convergence theorem for a finite family of nonexpansive 
mappings in a Banach space which generalizes Shioji and Takahashi's result [19]. Fur-
ther, we deal with convergence theorems which are connected with the problem of image 
recovery. Finally, we consider the problem of finding a common fixed point for a finite 
commuting family of nonexpansive mappings in a Banach space. 
2. PRELIMINARIES 
Throughout this paper, E is a real Banach space and E' is the dual space of E. We 
denote by <y,x') the value of x' e E' at y e E We wnte x~ x (or w- Iim x* = x) to ~ ~-ee indicate that the sequence {x~} of vectors converges weakly to x. Similarly, x* -~ x (or 
lim x~ = x) will symbolize strong convergence. For a subset A of E, COA and Z~~A mean 
" ~ = the convex hull of A and the closure of the convex hull of A, respectively. 
A Banach space E is said to be strictly convex if lix + yll < I for x, y e E with jixll = 
?
llyll = I and x ~ y. In a strictly convex Banach space, we have that if llxll = Iiyll = 
ll (1 - A)x + Ayll for x,y e E and A e (O, l) , then x = y. For every c with O ~ c ~ 2, 
we define the modulus 6(c) of convexity of E by 
~, - -} f l!x+yll I Ilx!i < I Iiyll < I l{x yji > c 6 (c) = inf ¥ I -?
A Banach space E is said to be uniformly convex if 5 (e) > o for every c > o. If E is 
uniformly convex, then for r,c with r :~ c > o, we have 6 (~) > o and 
x+2y <r 1 6 - ( - (~)) 
for every x,y e E with Ilxll ~ r, Ilyll ~ r and llx - yll ~ c. It is well-known that a 
uniformly convex Banach space is reflexive and strictly convex. A closed convex subset C 
of a Banach space E is said to have normal structure if for each bounded closed convex 
subset K of C which contains a, t least two points, there exists an element of K which is 
not a diametral point of K. It is well-known that a closed convex subset of a uniformly 
convex Banach space has normal structure and a compact convex subset of a Banach 
space has normal structure. The following result was proved by Kirk [lO]. 
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Theorem 2.1 ([lO]). Let E be a reflexive Banach space and let C be a nonempty bounded 
closed convex subset of E which has normal structure. Let T be a nonexpansive mapping 
of C into itself. Then, F(T) is nonempty. 
The multi-valued mapping J from E into E' defined by 
J(x) {x e: E <x x ) jlxli llx'll2} for every x e E 
is called the duality mapping of E. From the Hahn-Banach theorem, we see that J(x) ~ R 
for all x e E. A Banach space E is said to be smooth if 
lim lix + tyll - !lxll 
t-o t exists for each x and y in Sl, where Sl = {u e E : llull = l}. The norm of E is said to be 
Fr~chet diff:erentiable if for each x in Sl , this limit is attained uniformly for y in S1 ' And 
the norm of E is said to be uniformly G~teaux differentiable if for each y in Sl , the limit 
is attained uniformly for x in Sl' We know that if E is smooth, then the duality mapping 
is single-valued and norm to weak star continuous and that if the norm of E is uniformly 
G~teaux differentiable, then the duality mapping is single-valued and norm to weak star, 
uniformly continuous on each bounded subset of E. Let C be a nonempty closed convex 
subset of E and let K be a nonempty subset of C. A mapping P of C onto K is said to 
be sunny if P(Px + t(x - Px)) = Px for each x e C and t ~ O with Px + t(x - Px) e C. 
P is a retraction if Px = x for each x e K. We know from [5, 15] that if E is smooth, 
then a retraction P of C onto K is sunny and nonexpansive if and only if 
<x-Px,J(y-Px))~O forall xeC and yeK 
Hence, there is at most one sunny nonexpansive retraction of C onto K. If there is a 
sunny nonexpansive retra,ction of C onto K, K is said to be a sunny nonexpansive retract 
of C. 
The following theorem related to the existence of nonexpansive retractions was proved 
by Bruck [6, 7]. 
Theorem 2.2 ([6, 7]). Let E be a reflexive Banach space, Iet C be a nonempty closed 
convex subset of E and let T be a nonexpansive mapping of C into itself with F(T) ~ ~. 
If T has a fixed point in every nonempty bounded closed convex subset of E such that T 
leaves invariant, then F(T) is a nonexpansive retract of C. 
The following theorem related to the existence of sunny nonexpansive retractions was 
proved by Reich [17] (see also [12, 27]). 
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Theorem 2.3 ( [17] ). Let E be a uniformly convex Banach space with a uniformly G~teaux 
differentiable norm, Iet C be a nonempty closed convex subset of E and let T be a non-
expansive mapping of C into itself with F(T) ~ ~. Then, the set F(T) is a sunny 
nonexpansive retract of C. 
3. STRONG CONVERGENCE THEOREMS FOR A NONEXPANSIVE MAPPING 
Let C be a nonempty closed convex subset of a Banach space E and let T be a non-
expansive mapping of C into itself. Halpern [9] studied the convergence of the following 
iteration scheme: xl = x e C and 
x~+1 = p~x + (1 - p~)Tx~ for every n = 1,2, . . . , (3.1) 
where {p*} is a sequence of real numbers such that O ~ p~ ~ I and lim~_*p~ = O. 
Reich [17, 18] studied the convergence of the sequence defined by (3.1) and posed the 
following problem. 
Problem I ([18]). Let E be a Banach space. Is there a sequence {p~} of real numbers 
such that whenever a weakly compact convex subset C of E possessed the fixed point 
property for nonexpansive mappings, then the sequence {x~} defined by (3.1) converges 
strongly to a fixed point of T for all x e C and all nonexpansive mapping T of C into 
itself ? 
Though Reich [17, 18] obtained a partial result in a Banach space, the problem had 
been generally open. Later, Wittmann [28] solved the problem in the framework of a 
Hilbert space. 
Theorem 3.1 ([28]). Let C be a nonempty closed convex subset of a Hilbert space H, 
let T be a nonexpansive mapping from C into itself with F(T) ~ ~ and let P be the 
metric projection from C onto F(T). Let {x~} be a sequence defined by xl = x e C and 
x~+1 = p~x + (1 - p~)Tx~ for every n = 1,2, 
If a sequence {~~} of real numbers satisfies O ~ p~ ~ I for every n = l, 2, . . . , Iim~_* p~ = 
O, ~""=1 p~ = 0<) and ~;""=1 I~~+1 ~ p~1 < oo, then {x~} converges strongly to Px e F(T). 
In Theorem 3.1, if p~ = ~ and T is affine, the following weak convergence theorem 
which was proved by Baillon [3] is deduced. 
Theorem 3.2 ([3]). Let C be a nonempty closed convex subset of a Hilbert space and 
let T be a nonexpansive mapping of C into itself with F(T) ~ ~. Then, for each x e C, 
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the Ces~ro means 
1"~~1 
S~(x) n ~ ~~ Tkx 
converge weakly to a fixed point of T. 
Recently Shioji and Takahashi [19] extended Wittmann's result [28] to a Banach space. 
Theorem 3.3 ([19]). Let E be a uniformly convex Banach space with a uniformly G^ateaux 
differentiable norm and let C be a closed convex subset of E. Let T be a nonexpansive 
mapping of C into itself with F(T) ~ ~･ Let {p*} be a sequence of real numbers such that 
lim p~ = O, ~;"o0=1 Ip~+1 ~ p*1 < oo and ~]"e0=1 ~~ = oo o ~ p~ ~ I for every n = l, 2, . . . , 
~~= and suppose that {x~} is given by xl = x e C and 
x~+1 = p~x + (1 - p~)Tx~ 
. . Then, {x~} converges strongly to Px e F(T), where P is a unique for every n = l, 2, . . 
sunny nonexpansive retraction from C onto F(T). 
4. STRONG CONVERGENCE THEOREMS FoR A FINITE FAMILY OF MAPPlNGS 
By using ideas of [17, 18, 19, 28] , we consider an iteration scheme given by a finite family 
of nonexpansive mappings which is connected with (3.1) and give strong convergence 
theorems for a finite family of nonexpansive mappings. 
Let C be a nonempty convex subset of a Banach space E. Let Tl , T2, . . . , T. be finite 
mappings of C into itself and let al'a2, . . . , a. be real numbers such that O ~ ai ~ 
l for every i = l, 2, . . . , r. Then, we define a mapping W of C into itself as follows 
(see [2, 23, 24]). 
Ul = (~lTl + (1 - (~!1)1, 
U2 = c~2T2Ul + (1 - a2). I, 
(4.1) 
U._1 = (~'-1T._lU._2 + (1 - a._1)1, 
W U oi.T.U._1 + (1 - a.)1. 
Such a mapping W is called the W-mapping generated by T1 ' T2, . . . , T. and al' a2, . . . , a.. 
Let c~~1,a~2, . . . ,(~~.(n = 1,2, . . . ) be real numbers such that O ~ a~i ~ I for every 
i = 1, 2, . . . ,r Let W (n 1,2, ) be the W mappmgs generated by T1 T2 . . . ,T. and 
a~1' a~2, . . . , a~.. Now consider the following iteration scheme: 
xl = x e C, xn+1 = pnx + (1 - p^)W~x~ for every n = 1,2, . . . , 
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where {pn} is a sequence of real numbers such that O ~ pn ~ I for every n := l, 2, . . 
(see [2]). The following lemma is obvious from the definition of (4.1). 
Lemma 4.1 ([2]). Let C be a non closed convex subset of a Banach space E. Let 
. . ~ Tr be nonexpansive mappings of C into itself and let al'a2, . . . 
numbers such that O ~ ai < I for every i = 1,2, . . . ,7'. Let Ul' U2, . . . ,Ur-1 and W be 
the mappings defined by (4.1). Then, Ul' U2, . . . , U._1 and W are also nonexpansive. 
To prove the main theorem (Theorem 4.4), we need the following lemma. 
Lemma 4.2 ([2]). Let C be a nonempty closed convex subset of a strictly convex Ba-
nach space E. Let T1 ' T2, . . . , T. be nonexpansive mappings of C into itself such that 
nsT=1 F(Ti) ~ ~ and let oil'ce2, . . . , a. be real numbers such that O < ai < I for every 
, , r I and O < oi < I Let W be the W mapping of C into itself generated i=12..., - ._ . -by T1'T2, . . . ,T. and oil a2, . . . , oi.. Then, F(W) = n~=1 F(Ti). 
The following theorem which is a generalization of Browder's result [4] plays an impor-
tant role in the proofs of main theorem (Theorem 4.4) and Theorem 3.3. For the proof 
of the theorem, see [17, 27]. 
Theorem 4.3 ([17, 27]). Let E be a uniformly convex Banach space with a uniformly 
G~teaux differentiable norm, Iet C be a nonempty closed convex subset of E and let T 
be a nonexpansive mapping of C into itself such that F(T) ~ ~･ Then, there is a unique 
sunny nonexpansive retraction P from C onto F(T). Further, Iet x e C and suppose that 
{uk} C C is given by 
uk kx + (1 k := ~ ~ -)l I Tuk for every k = 2,3, (4.2) 
Then, {uk} converges strongly to Px c F(T). 
Now we can state a strong convergence theorem for a finite family of nonexpansive 
map pings. 
Theorem 4.4 ([2]). Let E be a uniformly c.onvex Banach space with a uniformly G~teaux 
differentiable norm and let C be a nonempty closed convex subset of E. Let a~1 ' a~2, . . . , a~r 
(n = l, 2, . . . ) be real numbers such that O < a~i < I for every i = l, 2, . . . , r - I and 
O < a~,. ~ I and let Tl' T2, . . . . T. be finite nonexpansive mappings of C into itself such 
that n~=1 F(Ti) ~ ~. Let VV~(n = 1, 2, . . . ) be the W-mappings of C into itself generated 
by T1' T2, . . . ,T. and oi~1' (~~2, . . . , c~~.. Let {pn} be a sequence of real numbers such that 
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o ~ p~ ~ I for every n = 1, 2, . . . , Iim p~ = O, ~~~ I !p~+1 p I < oo and ~~ I ~~ oo 
"~* and suppose that ~  I Ic~*+1' a^.1 < oo for every c l, . . . ,r. If {x^} is given by 
xl = x e C and 
x~+1 = p~x + (1 - p~)W*x~ 
for every n = l, 2, . . . , then {x~} converges strongly to Px e n,~=1 F(Ti), where P is a 
unique sunny nonexpansive retraction from C onto n~=1 F(T.). 
As a direct consequence of Theorem 4.4, we have the following theorem. 
Theorem 4.5 ([2]). Let E be a uniformly convex Banach space with a uniformly G~teaux 
differentiable norm and let C be a nonempty closed convex subset of E. Let al, a;2, . . . , a. 
be real numbers such that O < c~i < I for every i = 1, 2, r I and O < a < I and let 
T1,T2, . . . , T. be fimte nonexpansrve mappmgs of C mto Itself such that n, I F(T ) ~ ~ 
Let W be the W mappmg of C mto rtself generated by Tl T2, . . . ,T. and al' a2, . . . , a.. 
Let {p~} be a sequence of real numbers such that O ~ ~~ ~ I for every n = 1,2,. . . 
lim ~~ = O, ~;"o0=1 Ipn+1 ~ ~~1 < oo and ~;"o0=1 ~~ = oo. Suppose that {x*} is given by 
~-oo yl = x ~ C and 
y~+1 = p~x + (1 - p~)Wy~ 
for every n l, 2, Then, {y~} converges strongly to Px e F(W) = n F(Ti), where 
i=1 
P rs a umque sunny nonexpansrve retlaction from C onto F(W) h = F(Ti). 
i=1 
We show that Theorem 3.3 is a direct consequence of Theorem 4.4 (see also [2]). In 
Theorem 4.5, if Ti = I, O < oii < I for every i = 1,2.. . ,r - l, ce* = I and T. is a 
nonexpansive mapping T of C into it,self, then W = T. So, from Theorem 4.5, {x~} 
converges strongly to Px e F(T), where P is a unique sunny nonexpansive retraction 
from C onto F(T). Hence, Theorems 4.4 and 4.5 are generalizations of Theorem 3.3. 
5. APPLICATIONS 
In this section, we first deal with convergence theorems which are connected with the 
problem of image recovery in Banach spaces. Secondly, we consider the problem of finding 
a common fixed point for a finite commuting family of nonexpansive mappings in a Banach 
space. 
The problem of image recovery in a Hilbert space setting may be stated as follows: 
The original (unknown) image z is known a priori to belong the intersection Co Of r well-
defined sets Cl ' C2, . . . , C. in a Hilbert space H; given only the metric projections Pi Of 
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H onto Ci (i = l, 2, . . . , r), recover z by an iterative scheme. In 1991, Crombez [8] proved 
a weak convergence theorem ~/hich is connected with the problem of image recovery in a 
Hilbert space setting. 
Theorem 5.1 ([8]). Let Cl,C2, . . . , C. be closed convex subsets of a Hilbert space H 
such that n,f=1 Ci ~ ~･ Let T = oiol + ~),r=1aiTi with Ti = I + Ai(Pi - I) for all i, 
O < ~i < 2, ai > o for i = 0,1,2, . . . ,r, ~,f=0ai = l, where each Pi is the metric 
projection of H onto Ci and Co = n,~=1 Ci is nonempty. Then, starting from an arbitrary 
element x of H, {T"x} converges weakly to an element of Co . 
Now we consider convergence theorems which are connected with the problem in a 
Banach spaces setting. Before stating them, we give a deflnition. Let C be a closed 
convex subset of E. A mapping U of C into itself is said to be asymptotically regular if, 
for each x e C, U"x - U"+1x ~' O. 
KitalLara and Takahashi [ll] dealt with the problem by convex combinations of sunny 
nonexpansive retractions in uniformly convex Banach spaces. In [11], they proved that a 
mapping given by convex combinations of sunny nonexpansive retractions in a uniformly 
convex Banach space is asymptotically regular and the set of fixed points of the mapping 
is equal to the intersection of the ranges of sunny nonexpansive retractions in a strictly 
convex Banach space. Further, using the results, they proved a weak convergence theorem 
for the mapping which is connected with the problem of image recovery. 
Theorem 5.2 ([ll]). Let E be a uniformly convex Banach space with a Fr6chet differ-
entiable norm and let C be a nonempty closed convex subset of E. Let Cl, C2, . . . ,C. be 
sunny nonexpansive retracts of C such that n,1=1 Ci ~ ~. Let T be a mapping of C into 
itself given by T = ~],T=1 aiTi, O < aii < l, i = l,. . . , r, ~:~ I ai = l, such that for 
each i, Ti = (1 - Ai) I+ AiPi, O < ~i < 1, where Pi is a sunny nonexpansive retraction of 
C onto Ci. Then, F (T) = n;=1 Ci and further, for each x e C, {T" x} converges weakly 
to an element of n~=1 Ci. 
Theorem 5.2 was extended to nonexpansive retracts by Takahashi and Tamura [25]. 
They dealt with the problem by convex combinations of nonexpansive retractions. They 
proved the following lemma. 
Lemma 5.3 ([25]). Let C be a nonempty convex subset of a Banach space E aJld let 
S be a mapping of C into itself given by S = aol + ~;,1=1 aiSi, O < ai < l, i = 
O, . . . , r, ~;,1=1 ai = l, such that for each i, Si is a nonexpansive mapping of C into itself 
and n,f=1 F(Si) ~ ~. Then, S is asymptotically regular. 
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Using the lemma, Takahashi and Tamura [25] proved a weak convergence theorern for 
a mapping given by convex dombinations of n6nexpansive retractions. 
Theorem 5.4 ([25]). Let E be a uniformly convex Banach space with a Fr6chet differ-
entiable norm and let C be a nonempty closed convex subset of E. Let Cl' C2, . . . ,C. be 
nonexpansive retracts of C such that n~=1 Ci ~ ~. Let T be a mapping of C into itself 
given by T = ~;,~=1 aiTi, O < ai < l, i = l,... ,r, ~~ I ai = 1, such that for each 
i, Ti = (1 - Ai)1+ AiPi, O < ~i < I where P rs a nonexpansrve retractlon of C onto 
Ci. Then, F (T) = n,r=1 Ci and further, for each x c C, {T"x} converges weakly to an 
element of n~=1 Ci. 
Takahashi and Tamura [25] prove.d another weak convergence theorem. Before stating 
it, we give a deflnition. We say that E satisfies Opial's condition [14] if for any sequence 
{z~} C E with z^ ~ x e E, the inequality 
lim llz~ - xll < Iim liz~ - yll 
~~" "~* holds for every y e E with y  x. 
Theorem 5.5 ([25]). Let E be a reflexive and strictly convex Banach space satisfying 
Opial's condition and let C be a nonempty closed convex subset of E. Let Cl' C2, . . . , C. 
be nonexpansive retracts of C such that n,r=1 Ci ~ ~. Let T be a mapping of C into itself 
given by T = ~~=1 aiTi, O < (~i < l, i = l,.. . ,r, ~;,~= I ai = l, such that for each 
i, Ti = (1 - Ai) I + ~iPi, O < Ai < 1, where Pi is a nonexpansive retraction of C onto 
Ci. Then, F (T) = n,i=1 Ci and further, for each x e C, {T" x} converges weakly to an 
element of n,'=1 Ci. 
On the other hand, we consider the problem by using an iteration scheme which is 
different from [8, Il, 23, 25, 24]. Using Theorem 4.5, we obtain a strong convergdnce 
theorem which is connected with the problem of image recovery in a Banach space setting. 
Before stating it, we give the following lemma. 
Lemma 5.6 ([2]). Let C be a nonempty closed convex subset of a Banach space E and 
. . . , C. be nonexpansive retracts of C such that n,i=1 Ci ~ ~. Let W be the W-let Cl, C2, 
mapping generated by Pl, ' ' ' , P. and al, ' ' ' , oi., where Pi is a nonexpansive retraction 
from C onto Ci and O ~ ai ~ I for every i = l, 2, . . . , T･. Then, 
F(T;1/) D n Ci. 
i=1 
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If E is strictly convex and O < ai < I for every i = 1,2, r I and O < a < I then 
F(W) = h Ci. 
i=1 
As a direct result of Theorem 4.5 and Lemma 5.6, we have the following theorem. 
Theorem 5.7 ([2]). Let E be a uniformly convex Banach space with a uniformly G~teaux 
differentiable norm, Iet C be a nonempty closed convex subset of E and let C1' C2, . . . ,C. 
be nonexpansive retracts of C such that n~=1 Ci ~ ~. Let W be the Wmapping of C 
into itself generated by P1' P2, . . . l, 2, . . . , r) is a , P. and ail,(~2, . . . ,oi., where Pi(i = 
nonexpansive retraction from C onto Ci and O < aii < I for every i ~= . . . , r - I and 1, 2,
O < ce. ~ l. Let {p~} be a sequence of real numbers such that O < p _ ~ ~ I for every 
n = l, 2, . . . lim p O, ~~nco=1 ip~+1 ~ pnl < oo and ~;~ I pn oo If {y } Is grven by 
n - eo yl = x e C and 
y~+1 = p~x + (1 - p~)Wyn 
for every n = 1,2, . . . , then {yn} converges strongly to Px e F(W) = nr Ci, where P '=1 
is a unique sunny nonexpansive retraction from C onto F(W) = n~=1 Ci. 
In this section, we flnally consider the problem of finding a common fixed point for a 
finite commuting family of nonexpansive mappings. Kitahara and Takallashi [ll] dealt 
with the problem by convex combinations of sunny nonexpansive retractions in a uniformly 
convex and uniformly smooth Banach space and they proved a weak convergence theorem. 
Theorem 5.8 ([ll]). Let E be a uniformly convex and uniformly smooth Banach space 
and let C be a nonempty closed convex subset of E. Let {SI , S2, . . . , S.} be a commuting 
family of nonexpansive mappings of C into itself with F(Si) ~ ~ for every i = l, 2, . . . , r. 
Let T be a mapping of C into itself given, by T = ~;,T=1aiTi, O < ai < l, i. = 
1,. . . ,r, ~;:=1 aii = 1, such that for each i, Ti = (1 - Ai)1 + AiPi, O < Ai < l, where 
Pi is a sunny nonexpansive retraction of C onto F(Si). Then, F (T) = n~=1 F(Si) ~ ~. 
Further, for each x e C, {T~x} converges weakly to an element of n,i=1 F(Si). 
Takahashi and Tamura [25] dealt with the problem by convex combinations of nonex-
pansive retractions. They obtained weak convergence theorems which are generalizations 
of Kitahara and Takahashi's result [1l]. 
Theorem 5.9 ([25]). Let E be a uniformly convex Banach space with a Fr6chet differen-
tiable norm and let C be a nonempty closed convex subset of E. Let {SI , S2, . . . , S.} be a 
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commuting family of nonexpansive mappings of C into itself such that F(Si) ~ ~ for every 
i = . . . , r. Let T be a mapping of C into itself given by T = ~;,,=1 aiTi, O < ai < 1, 2, 
1, i = l,. . . ,r, ~,f=1ai = l, such that for each i, Ti = (1 - Ai)1 + AiPi, O < Ai < 1, 
where Pi is a nonexpansive retraction of C onto F(Si). Then, F (T) = n,r=1 F(Si) ~ ~. 
Further, for each x e C, {T"x} converges weakly to an element of n,f=1 F(Si). 
Theorem 5.10 ([25]). Let E be a reflexive and strictly convex Banach space which 
satisfles Opial's condition and let C be a nonempty closed convex subset of E. Let 
{S1' S2, . . . , S.} be a commuting family of nonexpansive mappings of C into itself such 
that F(Si) ~ ~ for every i = 1,2, . . . , r. Let T be a mapping of C into itself given 
by T = ~;,r=1 a!iTi, O < aii < 1, i = l,... ,r, ~;,r=1ai = l, such that for each i, 
Ti = (1 - Ai)1 + AiPi, O < Ai < l, where Pi is a nonexpansive retraction of C onto 
F(Si). Then, F (T) = n.T=1 F(Si) ~ ~ and further, for each x e C, {T"x} converges 
weakly to an element of n~=1 F(Si). 
We consider the problem in a Banach space setting by using an iteration scheme which is 
different from [ll, 25]. Using Theorem 4.5, we obtain a strong convergence theorem which 
is connected with the problem of flnding a common fixed point for a flnite commuting 
family of nonexpansive mappings. 
Theorem 5.11 ([2]). Let E be a uniformly convex Banach space with a uniformly G~teaux 
differentiable norm and let C be a nonempty closed convex subset of E. Let {SI ' S2, . . . , S.} 
be a commuting flnite family of nonexpansive mappings of C into itself such that F(Si) ~ ~ 
for every i = 1,2, . . r Let W be the W-mapping generated by Pl P2 
cil'a2,. . . ,oi., where Pi(i = 1,2, . . . , r) is a unique sunny nonexpansive retraction from 
C onto F(Si) and O < (yi < I for every i = 1,2,.. . ,r - I and O < a. ~ 1. Then, 
F(W) = n,~=1 F(Si) ~ ~. Let {p~} be a sequence of real numbers such that O ~ p~ ~ 1 
for every n = l, 2, . . . , ~ = O, ~"'*=1 ip~~1 ~ p~1 < oo and ~~noe=1 p~ = oo. If {y~} is lim p 
" ~ * given by yl = x e C and 
y~+1 = p*x + (1 - p~)Wy~ 
for every n = l, 2, . . . , then {y~} converges strongly to Px ~ F(W) = n,T=1 F(Si), where 
P is a unique sunny nonexpansive retraction from C onto F(W) = n,'=1 F(Si). 
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